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SIGNIPILCAN RAMETERS POR WHE EXPANSION OF PRO! J 
GASES IN AN IDEALIZED GUN 


Prepared thy 


AUSTRACT: Ina provious momorandum (NGL 10829), a met! 
thich permits ose to ealeulate the miule velocity ant eccelsration of @ 


gl-adiinagale in on idealined gun, n that. 3 re 12 wae ehown thi 
accurate nethod is available anil that, given the ratio of charge meen 
Le ore jectite mee, G/M, the wmdon of the excluded yclume the bet 
equation of state, and the initial velnes of the pressure an? tempora- 
tum, the motion of tha projectile within the gun berel could be enl- 
culated for all valuos of the rab Of Bj cific heats, The present 


\ 2. 


report deals with tha problen of simplifying the calculations by rudie~ 
tng the nurbdver of We ransters to a @indtinua, 4 as shown bere thet for e 
given gas or gas mixture the problem en be Porsulntec dn sven e fay “tha 
the only arbitrary perenster is the ratis G/N. Ae @ resui hed tois 

Anvestigation it is sible ute, by the nathod developsd in 


NOL2 10619, a single carve giving in ht 
idealised cun barre! for a pivon then, 
hy ¢ siaple changs of acalv. yi! p itn 
the gun for different. initial 4 breech, 
‘or ELfPerent values cf oxcludec Tage 
ree ami tennerature q > 
ign Tt ioant. 
+ 
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This repert contnins information cbtained during an Investipatic 


of the pogsibilitias of a high-velocity two-stage gun, Uarlie 
phases of the wovk wore repertsed in Naval Ordnance Laboratory 
Memorandum 10,81'. he work was carriad out originally unde y} 
Tank Nueber NOL-15° and Jeter under FR~10 through th pport o 


Bureau of u-dnance. The report ie an interim report: 
continuing. 


ve. G. SCHINDLER 
near Admiral, US! 
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R. J. SEWGER, Chief 
Asroballistic Researe 
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5. In what follows, the equétions governing the problem will ve 
written in dimensionless form. It will be Shown that the quantitia 
used to maxes 2 variables (Unmensionless n be velected 3 


mnenner that ay tnroe perameters are retained in the equations: 


Pe "" and %e , 

where M is the mass of the bulvet. Of these, y’ is unessential it 
seme powder is employed for dliferant shots, Furthermore, 1% will 
shown that tho computetion can ‘e arranged so that the position of 
bullet becomes Independent of the parameter, Seva =, (although the 
characteristic nat doos not), This leaver us wit! on one assentiel 
peranoter , A, . Thus, if a single set of curves for various values 
of &/y is commuted, the bullet's path and motion is Iaown for all ser 
binations of othar parameters where the sama values of &%p, enter, Ths 
real quantities for a snecifiot problem, of course, aro obtained by re 
transforming the dimensionless ones 


JINTAO ONEESS EQUATIONS 


5. In dealing with the Layrenpe oreblem, i4 is converd.ent te intro- 

luce & quentity, s° , defined by ’ 
b. Bs ( 6] 

oy uw, 3 
where "a" is the leeal accustic speed. The density ¢ way ba removed 
from this equation to give a relation batwoen "e" end « only: 
oe Tol i+ (2) ] it] 
fa - wed > % ¢, é ap 
The index "co" refers to the conditions at rast (v= 0). It is seen 
that a has the dimension of a velocity. 


7, Using optional rofarsnce values 
iadles (denoted by a bar) as follows: 


we ¢ introduce Jinansionl: "exi 
22 & # 
uz Vu ,a2eVa , oeVF (4) 
or 
c a. ¢ 
\ 


u 
=> 
cr 
cr 
= 
4 
_ 
4 
> 
rv 


The quantity uis the Leeal velocity of the gas particle 
of the bullet, it is identical with the buliet's speed. Since 


- Be ; 
Aw Roligth tee it Beater 
the agile gig aius for the tine is necessarily MA, » aitabdle valuss 
for lL and V will be given subsesuentiy. 


8. The 
the gas become wit} Bers and (1): 


5 ental] hyelrodymarical equations (10) for the metion of 


ie 


wet 
4 LON 


S a- + AL =< pe ts ¢ { 77 
ot ci ‘ 
aa a | Ge 


They contain tho paranoters y 
u= 0, at the breech transforicg 


T) it ‘ 
te 


nto U 


a ae 
Jee 
L r 
| = 
¢ 4 
1s :"" be: 
yO a 1g 


V/ 
16, ound 
O, where no pare 


The boundary condition at the back of th 


2X 


\ Ban 
= a Wo (< . : 
SS 6, / 
At M 0 
Sinea relation { 27] nay be written 
4 | (3% 


bullet is 


it. follows, by introcucing cimansionle3ss wiriabloes, that 
9 
A at me ' 
——e = me inrt ; 
at 
‘ ; ~~ 
to. Leyes Ly ae f = 
y¥\ 2 M R-?, \ 6, ' 

}, Even if the parameters appearin equations (2) 
equa) for two axpansion procass?s there aro 30111 infinite! 
possible solutions fer ¢ ,& apending on the dinenelon 
length, xX , of the gas colums, se wili be seen at ones 
riired for the first expansian wavelet te reach Dreee 

“9 x . 
Sig ae thers fron [11], 
W, 
— Ne. { <* 
= Yel/) 6 
As 2 xt) fie? : 
w ‘ i) 


¢ 


+ 


in alt, x-diagram the path of 4 
by the first descending characteri 


2 Z. “ 2 6. 
the t-axig att = %... Even if “/, and 3s/, aré keot ¢ 
_— t / + Py 
rodue of t,,, i.e., the length of the first dosecnding cha 
saries with ¥5; henea, infinitely meny solutions Shrough 


syat expansion wavelet i 
stie line PS 


(Fig. 1). 


alone can be obtained. 
10. The first ascending clmracteristic, 5,,°", repr 
cof the first oxmansion wavolet artes its reflection at th 
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ut 3} a 
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‘ye 
anc (4) are 
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ig evide Py | 
s | p* location of the point ! } 
a ullet's path, wil) also v 
| w Kp Thi will be shown t ad 
j ee L i . vaXi ate ] } ae , 
7 The expressions § 29] an 30; give) 
eee j : 2 ‘ 
| Ps in rofercnee (hb) tor tie coordinate 
| pvt . of i" involve thea reduc 
= ee / A 2% 
Xo = i @ where 
Xs j= 
| \ se fw 
| \e / ¥ A = eo a cee. k ) 
¢, ” “tm a 
) Ns hg 
GS FBP. y 
| 4% /* tm Me ae A be % 
\e ee SS eS 
| \ / , ¢ Bo 
\y 
- — .__-+_— §.__... - - > 
- ; 
“0 * 4 Qe a " ° 
With (23, ome edtains Crom theee 
Fag. 2 - Begdnniing of rolations that 
+ }, (ha Ke $p a+4 Me : ; 
she Characteristic Me ere ar 
7u <i oo wy 
If we now desl with the distance, vy = * ~ X, , of the bullet fror 


its origins] seat rether than with thet from the breech (distance x), re 
find that, at P*: 
ote. 


yer (ky Gy (re Ey. (ie ee ey] 


4 
ar Le | 
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cri 
%e 
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{ 
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ay B . So ad] 2% fe 
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—* y - } 
ZA = ao ° } 
Yhe last two formins are detived fron [ 21}, The influ 2 Of KX, appears 
1G * we, F,! In addition to Ga the peramneters 8 "oy nd y ‘ 
ro material to the Location of and to the values of 2 ig 
ou P*, Of thee peremeters, neither &/ nor ¥ can be removed Prox 
the formulas, Whetever values for V ani i one my adopt. Hono these tro 


parameters will, anter into any sonputatlon of Lagrange's prob!om anc 
cannot be disnoaod of. 


DETERMINATION OF SUITABLE VAIUES FOR i. AND V 


a 


values of am “V/s 


pl Consider now two cases with Identicer), 
bP Pe, of the bullet's pat 


Is $% then possible to obtain the first part 
if © 3 


2 , P 2) cs : x 5 
ina form which is independent of all other paranetera? Along “hat. rire 
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Equation (6) is deduced fron (20b] and deseribes the: ra of chanve of 
the quantity. € onP. P®, it mst be solwed Lo such a aanner shat 
Ss =e 6, = "Y%, for t= o. ‘This initial condition, if the soluulo: 
to be parameter-freo, requires that VY should be proportional t: ; 
choosing the proportionality factor as wnity, we hey 
Veo, 
Henee the coefficient. B eppearing in (6) (4) is now free of ¢ 
tut 7% continues to cepend on 
Oy ee & Ae 
M (Fo MM %o [8~% 
Hovever, the reference value 1, 56111. avaljable for a) findravion of ur Led 
parameters, ean be chosen so thet, B tecomes a numerical constent 


sey B«1; 


we 


lr =y(ty ot Ah, Bes a} 
OU Yet é ps 0 
Lith she cond!s ons (7) and (8) the solution o = #(4¢) te ecuetion (6 
1s independent of al] psrane rere excopting ti . The sano is trae of 2 
(heeense ue fs on Po P") ani of ¥ (since EF az and u= 0 for 
 Sebe .< eee 
t= O), It is now true “ot e which is given by 
2 
— yvte = = 
x2 KF [iy eee] 
fm 
it msy be noted that, with the ald of (i), (7), (8), equetion | 24) for 
she first part, Py P¥, of the path may be written ve 
ie ae A 
= x Gel) 6 ya Eel & \ eo i 
+ ies 4 L iC} Pot x: ) ae 
This relation between the builev’s time- and spaca-cocerdinetes does 
indeed depend on y cnly. The influence of @/, is felt only in ths’ 
the terainating point, F* and the values cf Vand F at FP are differen 
for different values of /)4 a5 shown by (5). 

im The perers? equations (2) and (4) ere alno simplified by the 
conditions (7) and (8). Bowevur, tho parazeter Sef) is not rexoved 
from the system (2). Consequensty, it alsa occurs in the pertinent 
\ : feat 2 i 
characteristic equations [i2a}, (i2bj whieh mey be writtcen as 

mS 2 
+ Weigh FR] eda 
— 7 ES L. fo-@o a Sa; 
at 
2 
~ ‘ ate A 
ay a ar alee ak | 
——& tn AL th a ee Bt = se Gh 
~ ; de (Sb) 


dt 


& 
wo 


on 
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The circumflex is usec here instead of the bar, in order to indicat 
clearly that the ecuaticns refer to dimensionless quentil elon 
specific curves, namely slong characteristic lines. 
13. The value of X., i.e., the diwensionless tength of the ers 

column for t = 0, depends also on Sef ; from (8): 

= p - i sie 4 

Ree HEE A °0) 

1 P= 8p 


In other worcs, even though the first part, of the bujlet's path, ) 7 

can be made indepandont of Sefs », the characteristic net determined by 
P.P*® cannot; the slops of the characteristic lines varies with 0/3 

and so does thy lowsr boundary y = -%,. (Compare Fig. 6 at the enc of 
the report.) Since the continunvion of the path beyond }* depends on tae 
continuation of the characteristic net, it appears that beyond the pelos 
P* the path will differ according to which value of ‘e/g is select*d. 
This 4s not trus, however, as sil da shown by the detailed Investigation 
riven in the pext section. 


THE BULIET'S Path 


14. Suppose thas some initial pert, 7, , of tho peth (see Fig. 2) 
ani the values of v and @& in that part have been shown to be indepandent 
of fa » The two ditferent chernacteristic lines originating for two 
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n~ 
2 


\\ - a \ 


| 
’ 
Fs \ 
I 7 ‘. 
f/f \ 
\ F ¥2 
owe ee ree ——_— en oe ee aN ie ( ES oom + \ os . =~ 
| Fue ‘ Sie id Sy 
. / 
ae 


Pe ee ee Snare ee 


Fig. 2 - Charectoristic Lines for Differen Values ( 89%, )r 
and ( i and Identice] Initia] Fart PoP, 


difverent valus 3 A ae j fe ‘ 
ing line 3 Ge V bye iff J f oy 
rafloction at the wreech 3 aru f'c a "poy \ " aveen 
Linas IT and J} ¢ ers ) 
15. First, the following lems ll be proved: 
Any two corresponding characterietic i SEC 1 
r r~’ pe) 
pointe S, and Sy FAere 
the values cf the vallocitios U ar c af nde perdon 
q e/ / ee, “< a? ‘ 
Of Mp CMe sayy | Oe Sp i 
b. the abscissa t is Indeperdent ct Is ( fe Wy 
( ba = 

lo. A immediate ec ‘uence, the rate of change of a 

long one charecteriatic Tine is the AMO f v co qpor. gl 

.6,, tha diffeventis] quotie a iid Ezy along f 
characteristic 1: of the domain FeP; 34Sho indor of %e 

{ he eas, bi ») he slorm nie $m nowt) 

17. Part (a) cf the lemsa ie readily ¢ ated since on Gack 

cesconding Jine u - 5 =» const., and on each ascarding line + o “Ore 
bis fact (taken from referencs b), and the condition U = 0 al the breech 
: bt % n fro f b), ' 
yia) he yolations 

e if ae - \ 

C 2 ws Ye = Py ) 

2 ~ oe ~ a 

m2 ~ (CO > “Oye omy 
moere: the ir oes yfer to Ps and Py on By Py Fig. 2). a&ccor ne to 
assumption, the right-hand sides, ard henc 7 and 7 are independar 
. “ Ow ~~ of r 
of Ip 3 OF Cy = Cy Ug Ay 

18. Part (b)} is much more difficult to prove. 

39. All the points, $ n question aro located hin and on the 
boundary of the regicn P*P35,, ef Fig. 2. The absciase t dows no 
depend on So/, Along the portion, Seog tP 5 or the boundcea: Vie 1s we 
on P*P, by asaumphicn again. On 5,.P%* the a, t x rive 

¥ t f ts f. t 2 bg f = 
| 4 ar : = ( (+a & \ (4 : \ 
1 1 if 
’ bh j Co: 
Tt 243 “yt 1 ke 4 co f'»% his <. Se ra ay 
It has been cvointed out j ference (db; th 6 2 : 
valua of tt antity 6 1s identical sith its valus at } Th 0 
it deoss not vary with Sopp . the abscissa Te does nc ary ejithe 
- : - * mms a i fe \ 3 
Relation (11) follows from [28] with the eid of (1), (3), (5), (7), 8) 
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2), The sane inference, however, cannot be fmmdiately drawn 

regarding the values of € on the remaining portion of thn boundary ¢ 

is. the interior of the domain P*P.S S Soo. For a conclusi dor ytyrs 

vo wil) have to investigate in dstall the vertation of t etti ng 

nd discussing a differential equation for that variable. The quant f 

Gand § will be chosen ae independent, variable: in thie equation. i 
mathematics will be given in tho next section; the resulta imy be br 
summed up as follows. 

21. The domain PRP ES Bog | is mapped orto a domain Tu exe 

in a {a7 ) “plane (Pig. 3). 
Fa Tin } var’) able eetialie Lhe 
| differential @austicon 
ort ae ot = tr t 9 ep 12 
’ i % oe 1. Or oS. \ aieg 
Qbyiously, this enuatic cen 
aot wary with “/, , neither 
dices the teundary 
- LY - . 
r* 1, ay 2 6) 
nor Jo the comlitiona inpoeed 
tnere on the funetion t, as 
wili be ahown in the next secticn, 
3.14 The solution of (12) then is 
crane = ee ee cagsarily “ndepentent of "tls 
Fig. 3 - The {4,¢) -plane 
~ ~ 
22. The two "aorresponding™ pointe 3, and SF Me. 2) wey de 
¥! Wemed as spyeinuent af a set of infinite: many such points differer tea 
by’ the value of / and each determined by ea padr of characteristics 
originating at Ps anc Py. Despite the differsncs t Yo/, the values 
of Wand ¢ at all theea points are the game, end all as therefoxe 
mapped into the same point S$ (Fig. %), If the value of % at this 
noint varied with “%, the pointe $ ould “a differant abscissas; 
sineo it dogs not, 23) these abtcissas ara ids Al, as stated in 
part (b) of the lemma. 

23, Consider ner, in particuler, scm poirt S/+,5) on the 
SME eg characteristic line PS, (Fig. 2}. The peth, Lf continued 
eyow) P;, ani the sacemding cha ‘atteris stic thresh ¢ may intersect at 
she point P (t 7), where the dimonsionjess volocities are € and u 

‘Fig. 4)e The abscisea, t, of S will be chosen aa the independent 
variable. The rate of changs, in terns es i, of the variables % y, % ¢ 
will de ha te in the Joindty of | Should 26 prove to inde- 
pendent of * , %hen the leention of r tig visunlised the aebtteh 
for all values of fof, . 


on the path, would be the same 


successor of 1 
at F would not. depend o 


Likewise the aiae © and 6 


8 


4 
that varanever. 


+t 


the quantity = 


Nao 


ntwiy £8 


ay - 4 4 


neog of the cheract 
ae «6 SE fh 
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Oth right-hez ide kocoTuiny Jo not oh » Wo Th 
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20. In order to determin ( = /P two facts «must b 
linked topether ae ae 

- oy Su ~ ; 
a Since t, u, © denote dinaonsionless Yalves yw to 

cnuaracteristic P.S, the above Jomm can be applied, 4.6., diffore lL 


ES ’ fe a ~’ 
quctiente Hw 4% * and a PS aro indepamient of Gos 
cs. a * ~ -4 7 Kf a . 
b. From reference (v), the values t, © eat S amt u, # at 
are interconnacted by 


~ ry — 
Mt C eat, 
ae It follows that 
= ~ wats 
rl ¢ ae Se 4 a ¢ . fhe 
ij ip 8 |8=—l tae ac it j Ps, 


where the right sids is act affected by changes of ef 


“5, From these regulte the “mportant inference esr rawn tha 
if soms initial cortion “oF s of the path and the waives of u end F o 
it are indepeniient of VA At is aleo Urus for the immaclate successes 
r Of co the path. he game roesoning then can be applitoc. to the peint 


r-¢ : } 
. j n & 
following the successor, aad so sorth; tn shert, the entire path does a 
tia] porticn we amy teke the arc P)? 
5b 


very with ‘S, . As an init ri we 
> @ - ’ % r 
which indenendeney of ‘SY, ¢ sined, ug shown in the thin section. 


‘£ Since om is chiefly interested in the bullet's position and 

velocity, a considerable amount of computing labor can be saved hy samp.) 

putitiog Sofn, #0 ji.e,, Am e@ For then thea ideal aguation of state 
te 


M ‘a r«° t * a ss 
is substituted for [1], and the t 


. 


tieidy celation [1] which is used 4@% 


avery conputatienal ste for deteraining the local acoustic speed is 
simplified into ¢ an io characteristic net of course ¥11] 
levelop differently than it would sith the correct value of '%/4 . . 
(GQimpare Fig. 6 at t snd of the report.) ‘iewever, the dineasicnless 
path wlll bs the sa nd so will tne bullet's dimensienlees velocity 
The dimensions] values for posdticn and velocity will be found fron 
(1), inserting there the quantities L aml Vas defined by (5) an tee 
in (8) the correct walue of Ye! aust ba employed. 
f 


%. It is of interest to neta thet the Lmportant result derived in 

+his seetion far she exact solution of Laeange'ts problem has been foun 

; alee to ba true for the so-called PAdduek-Kent special solution, (Com- 
vere referenen (a), page 7., 


(0 ques 
hae 
‘ce 
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THE EQUATION FOR t 


31. The equation (12) for t holds also for dimensional varial 
s therefore procead to derive it for t instead of t, with u and 
a8 independent variables. The form] relations 


Ab ae ?D ts We 3 — Dp) Xe 6, 5-4 St, A wy — D Xue 


) 


eosims that 
| sa Ws 


De | «| + 2 


end transform the ayston [10] PSY PUG LAM HO, HE PMO Fae a0 
nto ) 


e Ai ty =A te 
rp AL Sy, cae & | (14) 


Aw 


\ 
Ke enh %, +rty . 


thaso eountions are partially ¢ 


If the first and t's sac = 
spact to SF and a , respectively, we obtain: 


ferentiated with re 
dq, 


oom 


as “SC 


~atgeg * -ATny tts. 


Sines by fairl 


ae ee 
se oe 


ise el “Uy a (15) 


un dimens‘ons] variables, It is indopendent of 


This 1s equetion (12) 4 
2 “ha characteristic curves associatec with 
9X 


ony parameter excopt 
(18) are given by the squationa 


6 bay 60 const C-4 = const. (16) 
£5-Gogras angie 
Lal 


These straight linee form 2 rectangular syston waking 45 
with the axes u = C and G = 0. This is indicated on Fig. 3. 


32, Returning now to diwensicnless variables we sae at once tha 
Sooh* (Fig. 2) corresponds to 2), 97 (Fig. 3), this segment being pert 
of the characteristic Line G+ Ff = 1, a condition satisfied on Sggi*. 
Tnere is no devendency on 5p here. The values iif, G * at PF, i.e., 

be Q coordinsies of JP *, by force of assunpticn are also imicpendeynt  , 
So), , and so are the coordinates of all the points on the arc fl * IT 


rele ts espécially true for the ceordinates Uy, F . of T and, therefor 
Cor the characteristic line W-¢ = 1 oe % = const. The segment. TT 


t. 


P| 
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of that line is tho image of FS,. Thus $66 that th OLE, “Hoo a 
of the domain S_. 5; remains die same wiht vilue for %o/ 

rele) J j f 
be selected. ' 

33. The boundary conditions impesed on the soluti to (12) r 
unchanged, too. There is no such conditicn along WV, S On =. 
however, we must preseribe the values of t or $).P4, “Let the vniklo of 
the abscissas of the points on SooP;. On 5,,P*, these are given by 


(equation (12)) and do not vary with Sep » On Par, the abscianas ar 
independent of $f, simply by essuaption. Finally, the etraigvht-lins 
sogment &.. 2; 1s the image on tho tine Sgyo; ateng which a= OG, Th 
condition recessitatos that : 

“OAL 


= = 0 on o aa se @ 
E ~ es 


Then, from the second equation (2) 


Tiis transforms, ty (13), inte 
. ny 

a « O ow a =O ee a ee 

DAL f ‘ sig “¢ 


Again there ia no dependency or 
34. Vath this, al] etaterments used bit no®% proved in the previ 


section have been shown te be trusa. 


CONCLUDING REMANSS 


5, We bave ween that, ag far aes tie bullet’s motion is concerned, 
enly two parameters essential te Lapgrenge’s problem are left: tha ratio 
foe * 

f s ratio ( -2 ). ®uarther, in dimension- 


of epecific heats { y) end the mas : 
Jesy variables the ialist's position and velceity aan be found ig using 
30 perfect gas Jaw iostead of (1). The iuperfactness of the ras is cf 

fluence when, by (") end (8), dimeneionsl voriables are determined fron 


118 dimensiconiess cues. 


‘ 46. Sines by 16] the reference value V cay be written 


1% is imaediately seen thet any velocity ss ¢ will inerense wit 
the initial value of the acoustie speed. ‘his is true, in particular, for 
the nuazle velocity. A rearrangement by {3 and [1] give 

_ 7! y Lb} 

‘ y- t ' ly 


Jthar things being oqual, the ith the napher ope: I 
i.e., with the iower molecular weight, will provide the us 
valocity. t wi2 © requis he greater bn lenge 
initial pressure | viged. Ti be seen f 


yo written 
RT, 


ay. 23 


i = yy ( te \ m i ( 
ad a a = ——— 
Rife) Gas eel) 
Por two gasos with tne epecitic yas constants Ry and f wez] { 
i wo wh 2 at = = 
ig in the ratio TR): TRY where the barrel Fangth, Yujee3 J mars ‘oa 
s in tha ratio Ry In (provided that y, GM, ty. Kya, ate iden ! 
y re 
i9 two cases). 

37. For @ su ywith a given vatue of the on; ential 
mraneter is (= . If we first teke the value fj = oc .e os v 
no reflected wavelet will be sent batk to the bullet. Fiotting the 
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